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t I Abstract - A magnetohydrodynamic model f o r  the inceraction of  the so la r  

wind and the geomagnetic f i e l d  i s  described, the  degree t o  which the  
I 

I 

governing equations be approximated by the simpler equations of the 
/ 

c l a s s i c a l  Chapman-Ferraro theory combined with gasdynarmcs L i s  examined, 

and numerical r e su l t s  f o r  a number of representative cases are presented. 

In  the  hydromagnetic model, the magnetosphere boundary and d i s t an t  t a i l  

a re  represented by tangent ia l  and contact discont inui t ies ,  and the bow 

wave by a fast hydromagnetic shock wave. The connectivity of interplan-  

e ta ry  and geomagnetic f i e l d s ,  and the asymptotic direct ions of the wake 

and shock waves at great  dis tarces  f ron  the ear th  a re  discussed i n  terms 

of propert ies  of these discont inui t ies .  Detailed numerical r e s u l t s  f o r  

the  location of the bow wave, and the density, velocity,  and temperature 

of the  flow i n  the region between the bow wave and the magnetosphere are 

presented f o r  Mach numbers 5, 8, and 12 f o r  7 = 5/3 and 2. The calcu- 

l a t ed  posit ion of the  bow wave i s  shown t o  be i n  good accordance with 

t h a t  observed i n  shadowgraph photographs of supersonic flow pas t  a model 

magnetosphere i n  the Ames Supersonic Free-Flight Wind Tunnel. Results 
I 

a re  a lso presented that i l l u s t r a t e  the d is tor t ion  of the interplanetary 

magnetic f i e l d  i n  the  region between the bow and the  magnetosphere f o r  

cases i n  which the  magnetic f i e l d  i n  the  incident stream i s  i n c l '  ed at 

45' and 90' t o  the  free-stream direction. &\ 
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1. INTROIUCTION 

Data obtained i n  space, par t icu lar ly  tha t  from IMP-I (Explorer XVIII), 

have established beyond a l l  doubt the  existence of a t  l e a s t  two classes  

of  near discont inui t ies  i n  p l a s m  and magnetic f i e l d  properties i n  the 

space surrounding the earth' ').  One of these, the magnetopause, sepa- 

r a t e s  a region of rapidly flowing plasma w i t h  i r regular  magnetic f i e l d s  

from the  magnetosphere where the magnetic f i e l d  i s  considerably stronger 

and s teadier  and no plasma i s  detected by the plasma probes. Although it 

i s  presumed tha t  plasma actual ly  ex i s t s  i n  the magnetosphere, the magne- 

topause marks the boundary of a region from which the  rapidly streaming 

s o l a r  wind i s  excluded. I t s  shape conforms t o  tha t  indicated by calcu- 

la t ions  based on the c l a s s i c a l  Chapman-Ferrazo theory of the interact ion I 

of a dipole geomagnetic f i e l d  and a f u l l y  ionized co l l i s ion less  unmagne- 

t i z e d  gas flowing r ad ia l ly  outward from the sun. The second discontinuity 

i s  observed a few ea r th  radii upstream of the magnetopause i n  a posi t ion 

t h a t  conforms remarkably well w i t h  the posit ion of a bow shock wave i n  a 

supersonic flow past  an obstacle having the shape of the magnetopause. 

NessC2) has also reported recently tha t  data from the sane s a t e l l i t e  d i s -  

c lose the existence of a t h i r d  discontinuity surface extending downstream 

from the ear th  inside the magnetosphere ta i l .  I n  addition f luctuat ing 

magnetic f i e l d s  were detected when the s a t e l l i t e  w a s  d i r ec t ly  downstream 

from the moon, par t icu lar ly  on one occasion when IMP-I w a s  nea.r,apogee c 

at a geocentric distance of about 30 ear th  radii and approximately midway 

between the ea r th  and moon (3'4).  This has been interpreted as the  r e s u l t  

o f  the s a t e l l i t e  traversing the wake of the moon. These discoveries are 



of  utmost importance t o  any discussion o r  analysis of the  in te rac t ion  

between the so la r  wind and the geomagnetic f i e l d  since they e s t ab l i sh  

the general topology of the flow (516) 

These data  strongly support the contention of Kellogg (4  

and others t h a t  the co l l i s ion less  interplanetary gas behaves l i k e  a con- 

tinuum f l u i d  on scales  large compared with the gyroradius of a proton i n  

the incident interplanetary f i e ld ,  i .e . ,  about 500  lan f o r  representative 

' 
conditions. The f a c t  t h a t  the  "discontinuities" a re  sometimes observed 

t o  be as th in  as 100 km") suggests t h a t  t h i s  may be a conservative e s t i -  

mate, and tha t  the f l u i d  model may be employed t o  discuss not only flow 

pas t  the magnetosphere, but perhaps the smaller, and ef fec t ive ly  unmagnetized, 

moon. 

Although Ness, Scearce, and Seek(4) and others have shown that theo- 

r e t i c a l  r e s u l t s  such as presented by Sprei ter  and Jones (lo) agree w e l l  w i t h  

data from I"-I, the log ica l  foundations of the theory appear inconsistent.  

I n  par t icu lar ,  the magnetosphere boundary i s  computed by a simple modifi- 

cat ion of the Chapman-Ferraro theory, which is  conventionally conceived 

as a p a r t i c l e  model of the interaction, and the shock shape i s  calculated 

using continuum gasdynamic methods without any d i r ec t  consideration of 
I 

I 

electromagnetic forces .  With the concept adopted tha t  lazge scale  o r  time 

averaged fea tures  of the interaction between the  solar wind and the  geo- 

magnetic f i e l d  should be investigated i n  terms of a f l u i d  theory, the  

simplest mathematical model capable of adequate description of many of 

the  dominant fea tures  i s  provided by the equations of magnetohydrodynamics 

f o r  a nondissipative perfect  compressible gas. The appropriateness of 

t h i s  model f o r  the present application involving flow of a co l l i s ion less  

I .  



c 
4 

. .  
(12) 

I 

gas has been discussed recent ly  by Lees'''! Levy, Petschek, and Siscoe , 
and others,  but it i s  not  unfa i r  t o  s t a t e  that the pr inc ipa l  j u s t i f i c a -  

t i on  derives from comparison of  calculated and measured r e s u l t s  and t h a t  

a full theore t ica l  j u s t i f i ca t ion  does not ex i s t  at  the present time. 

haps the c loses t  approach i s  that provided by the analysis of Chew, 

Goldberger, and but they do not f i nd  the pressure t o  be a sca la r  

even when the t ransport  of pressure along the magnetic f i e l d  l i nes  can be 

suppressed or ignored. It i s  possible that the pressure m a y  nevertheless 

become a sca la r  as a r e s u l t  of i n s t a b i l i t i e s  o r  of s m a l l  scale  i r regular -  

i t i e s  prevalent i n  the magnetic f i e lds  observed ex ter ior  t o  the magneto- 

pause, but  t h i s  i s  speculation at the  present time. I n  s p i t e  of these 

uncertaint ies ,  the d i f f i c u l t i e s  of solution of the nonlinear equations of 

magnetohydrodynamics and the richness of the phenomena contained within 

t h i s  theory are suf f ic ien t ly  great that it i s  worthwhile t o  explore the  

consequences of t h i s  model before IntroCucing addi t ional  complications. 

Per- 

It i s  the purpose of th i s  paper f i rs t  t o  discuss the  application of 

t he  f'undamental equations and concepts of magnetohydrodynamics t o  the 

hypersonic flow of solar  plasma around the ear th  and i t s  magnetosphere, 

second t o  examine the degree t o  which the r e su l t s   ma^ be approximated 

by the much simpler equations of gasdynamics, and t h i r d  t o  present more 

extensive numerical r e s u l t s  than have been available heretofore. 

2. FUNDAMEXTfSL E&UA.TIONS 

The fundamental d i f f e ren t i a l  equations of magnetohydrodynamics f o r  

t h e  steady flow of a nondissipative (perfect ly  e l e c t r i c a l l y  conducting, 
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inviscid,  nonheat conducting) perfect compressible gas a r e  as follows (see, 

e.g. ,  Landau and Li fsh i tz  

V . p v = O  

1 1 1 
8~c 4Jc 4Jc p ( x  x ) ~  + yp = - - g x curl  g = - - V H ~  + - (I;J n)g 

nww 

where p, p, S, and ,v r e f e r  t o  the density, pressure, entropy, and veloci ty  

of the gas, cp and cv 

are  constants representing t h e  specific heats at constant pressure and 

r e fe r s  t o  the magnetic f i e l d ,  y = cp/cv, and 
I 

constant volume. Important auxiliary re la t ions  f o r  7,  temperature T, 

speed of sound a, in t e rna l  energy e, and enthalpy h are as follow: 

7 = ( N  + 2)/N , p = pRT/p = nkT 

e = cvT , h = cpT = e + p/p 

where represents the number of degrees of freedom, R = (cp - cv)p 

= 8 . 3 1 4 ~ 1 0 ~  erg/OK, p = mean molecular weight = 1/2 f o r  f u l l y  ionized 

hydrogen plasma, n = number of particles/cm3 = 2np where 

N 

np i s  the num- 

ber of protons/cm3, and k = Boltzmann’s constant = 1.38~10-~’ erg/OK. 

It i s  filly equivalent and convenient f o r  some purposes t o  replace the  

entropy equation ( 2  L7)S = 0 i n  equation (1) by the  following eFergy 

equation : 

H2 - (JJ r)IJ] = 0 4fl (3)  

I 

L 



/ 

6 

I 

i 

Although only f i r s t  derivatives appear i n  equation (l), the  f a c t  

t h a t  the  neglected diss ipat ive terms a re  described by second der ivat ives  

requires tha t  the gradients be small. In  magnetohydrodynamics, as i n  

gas dynamics, however, compressions tend t o  coalesce and steepen in to  

f i n i t e  shock waves of such small thickness t h a t  they can be considered 

as v i r t u a l  discont inui t ies  f o r  many purposes. 

t o  become very large,  and continuous motions tend t o  break down some place 

if they involve compressions. I n  addition, a t t r ac t ion  between l i k e  cur- 

ren ts  tends t o  cause current dis t r ibut ions t o  collapse in to  th in  sheaths, 

across which the magnetic f i e l d  can be considered i n  the same sense t o  be 

discontinuous. Mathematically, the solution of the diss ipat ionless  d i f -  

f e r e n t i a l  equations ceases t o  ex is t  beyond the point of breakdown, and 

the flow i s  no longer governed solely by the re la t ions  given i n  equation (1) 

Mass, momentum, magnetic flux, and energy must s t i l l  be conserved, however, 

and the  following re la t ions  must hold between quant i t ies  on the  two s ides  

of any such discontinuity:  

In  th i s  way gradients tend 

The subscripts n and t refer to components normal and tangent ia l  t o  the  

discont inui ty  surface and [Q] = Q1 - % where subscripts 0 and 1 r e f e r  

1, 

I 

I 

t 
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t o  conditions on the upstream and downstream sides of t he  discontinuity.  

These re la t ions  a re  frequently supplemented by the statement that there  

i s  a current sheet flowing along the  discontinuity surface and t h a t  t he  

value g* of th i s  current per u n i t  width i s  given by 

G* = caJcl& g ( 5 )  

Friedrichs and Kranzer (15) have developed an a l te rna t ive  form f o r  

the  conservation equations t h a t  affords a quick survey of the possible 

types of discont inui t ies  and some of t h e i r  properties,  and i s  pa r t i cu la r ly  

usefu l  i n  the determination o f  asymptotic properties of weak discontinu- 

i t ies ,  

the new variables 

and the  mass flux across the  discontinuity. 

the re la t ions  given i n  equation (4) are as follows: 

It is  based on extensive use of mean values (Q) = (& f Q1)/2, and 

V = l / p  and m = pvn representing the spec i f ic  volume 

I n  terms of these variables,  

m[v3 - [vn] = O 

1 

1 
45r 4K 

m[x] + [PIC + 1 (I-I) [SJ]a - - Hn[lI] = 0 

i 

! 

, 

The last  of these may be replaced by 

If the mean quant i t ies  a re  considered hown, there a re  thus eight  equa- 

t i ons  i n  e ight  sca la r  variables [VI, [PI, [XI, [fJ], and [ e ] ;  observe t h a t  

[Hn] = 0 always. 

! 

b 
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Since e appears i n  only the last  r e l a t ion  of equation ( 6 ) ,  we can 

consider a l te rna t ive ly  the seven scalar equations in  seven variables 

defined by the  f i r s t  three relat ions of equation (6) .  

l inear  homogeneous equations, and solutions e x i s t  only i f  the determi- 

nant vanishes. 

They are  a l l  

Equating the determinant t o  zero yields  the following 

I 

i 

equation for the mass flux m: 

With the density po upstream of the discontinuity given, 

= o  ( 8  1 

t h i s  equation 

can also be considered as an equation f o r  the normal component of the  

incident velocity v n0 

It may be seen immediately tha t  m = 0 i s  a solution of equation ( 8 ) ,  

and tha t  three addi t ional  plus-minus pa i r s  of r e a l  roots  e x i s t  f o r  which 

m # 0. To follow Landau and Lifshitz(14),  we c a l l  discont inui t ies  which 

l i e  along streamlines ( m  = pvn = 0) tangent ia l  discont inui t ies  or  contact 

discont inui t ies  according t o  whether o r  not the normal component of t he  

magnetic f i e l d  Hn vanishes. Discontinuities across which there  i s  flow 

( m  .f 0 )  are  divided in to  categories. 

m = +Hn/( b ~ t ( V ) ) ~ ' ~  are cal led rotat ional  discont inui t ies ,  although they 

are frequently termed transverse o r  immediate shock waves by many authors. 

The term shock wave i s  reserved here, however, fo r  the d iscont inui t ies  

associated with the  four remaining roots.  

Those associated w i t h  the roots  

c 



Tangential discont inui t ies  are defined as those i n  which both m and 

Hn vanish. For these conditions, equations (4)  and (6) y i e ld  the  follow- 

ing re la t ions  between the quant i t ies  on the two sides of the discont inui ty  

surf ace : 

Although the veloci ty  and magnetic f i e l d  are required t o  be p a r a l l e l  t o  

a tangent ia l  discontinuity,  these re la t ions  show tha t  the density and the  

tangent ia l  components of the velocity and magnetic f i e l d  m a y  have jumps 

of any magnitude. The other thermodynamic quant i t ies ,  such as temperature, 

entropy, e t c  . , are  a l so  discontinuous i n  accordance with t h e i r  def in i t ions  

provided i n  equation (2 ) .  The sum of f l u i d  pressure p and magnetic 

pressure H2/8x must, however, be continuous across a tangential. 

d iscont inui ty  . 
It i s  important t o  observe that the properties of tangent ia l  discon- 

t i m i t i e s  iieffned- by equation ( 9 )  a re  compatible, although not ident ical ,  

w i t h  those normally prescribed f o r  the  boundary of the geomagnetic f i e l d  

in  the Chapman-Ferraro theory. In both cases, the condition Hn = 0 

holds and requires t h a t  there  i s  no connectivity between the  geomagnetic 

f i e l d  and the interplanetary f i e l d  embedded i n  the solar wind. ??he d i f -  

ferences stem from the additional assumptions i n  the Chapman-Ferraro theory 

t h a t  the incident plasma i s  f r e e  of magnetic f i e l d  (&, = 0), and the cavi ty  

containing the  geomagnetic f i e l d  is  f r e e  of plasma so  t h a t  

Po = HI2/&. 

pl = 0; thus 

The absence of a magnetic f i e l d  i n  the incident stream, 

9 

3 .  TANGENTIAL 'DISCONTINUITIES 
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taken together w i t h  the  extremely long mean f r e e  paths, implies there  i s  

no interact ion between the par t ic les  pr ior  t o  t h e i r  encounter with the 

current sheath forming the boundary, The pressure i s  therefore  taken t o  

be proportional t o  the normal component of the momentum flux of the  undis- 

turbed incident stream, thus 

KpoGO = Kpovo2 cos2 q = H12/85r (10) 

where 

vector of the undisturbed incident stream, and K i s  a constant equal t o  

2 i f  specular or "e las t ic"  ref lect ion i s  assumed, or uni ty  if " inelast ic"  

re f lec t ion  i s  assumed. 

+ i s  the  angle between the normal t o  the boundary and the veloci ty  

4. CONTACT DISCONTINUITIES 

The properties of contact discontinuities are given by solving equa- 

t i ons  ( 4 )  or (6) w i t h  m = 0 and Hn f: 0. They are as follows: 

These re la t ions  show t h a t  the f l u i d  not only flows p a r a l l e l  t o  a 

contact discontinuity i n  a steady flow, but that the velocity,  pressure, 

and magnetic f i e l d  must be continuous. 

temperature, entropy, and other thermodynamic variables,  may have any 

discontinuity,  however. 

The density, and therefore  the 

The properties of contact discontinuities differ subs tan t ia l ly  from 

those used f o r  the boundary of  the geomagnetic f i e l d  i n  the Chapman-Ferraro 

theory and from those observed i n  space over the forward pa r t  of the mag- 

netopause by s a t e l l i t e s  such as IMP-I. 

however, f o r  the  boundary of the d i s t an t  wake far downstream from the  

They appear t o  be appropriate, 
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ea r th  or moon. 

as ex i s t s  on the forward par t  of the ea r th ' s  magnetopause, has ample t i m e  

t o  diffuse or decay no matter how s l i g h t  the departures from perfect  e lec-  

t r i c a l  conductivity or inviscid flow. Under these circumstances, the 

external  magnetic f i e l d  penetrates the discontinuity,  and ul t imately at  

great  distances downstream may be expected t o  t raverse  the wake completely 

without d i s tor t ion .  Thermodynamic properties of the wake remain d i f f e r -  

ent  from those of the surrounding flow, however, because of the  d i f f e ren t  

previous h i s to r i e s  of the gases. 

There any current system or velocity discontinuity,  such 

5. ROTATIONAL DISCONTINUITIES 

The properties of rotat ional  discont inui t ies  a re  determined by 

solving equations (4) or (6) wi th  m = m r  = fHn/(4fi(V))1/2. They are 

These re la t ions  show t h a t  the magnitudes of a l l  quant i t ies  are continuous, 

and that the only changes across a ro ta t iona l  discontinuity are the direc-  

i i u n s  o? t he  magnetic Tieid and velocity vectors, boi'n oZ which rotate by 

an equal angle about the  normal t o  the discontinuity.  

component 

ve loc i ty  of an Alfvkn wave in  the direct ion of the wave normal, and i s  

moreover independent of the strength of the discontinuity.  

no tendency f o r  a series of weak ro t a t iona l  discont inui t ies  i n  a homoge- 

neous medium e i the r  t o  overtake one another and coalesce in to  a shock wave 

The flow veloci ty  

vn normal t o  a ro ta t iona l  discontinuity i s  equal t o  the phase 

There i s  thus 

or t o  spread out as in  an expansion fan. Although there  has been considerable 
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discussion of possible e f fec ts  of t ravel ing ro t a t iona l  o r  m v &  waves 

i n  the magnetosphere and i n  space (see,  e .g . ,  MacDonald (lq) f o r  a recent 

review), the ro l e  and importance o f  s ta t ionary ro t a t iona l  discont inui t ies  

i n  the steady s t a t e  flow of so l a r  plasma past  the ea r th  o r  moon are  not 

known. 

6. SHOCK W A n S  

The mass f lux  m through magnetohydrodynamic shock waves satisfies 

the equation 

(V)m4 + ((V)[pl/[V] - (H)2/4~)m2 - [pIHn2/4r([VI = 0 (13) 

obtained by se t t i ng  t o  zero the l a s t  f ac to r  of equation (8). Equation (6) 

together with the fu r the r  requirement stemming from entropy considerations 

I 

t h a t  a l l  shock waves a re  compression waves yields  the following r e l a t ions  

between the q u a t i t i e s  on the t w o  s ides  of such a shock wave 

where m represents any of the four roots of equation (13) .  The f irst  

of these indicates  t h a t  the sum 2&) and difference [&I of the tangen- 

t i a l  components of the magnetic f i e l d s  on the two s ides  of the  shock wave 

l i e  i n  e i the r  the  same o r  opposite directions.  

normal 6 

This requires the shock 

and the magnetic f i e l d  vectors on the  two s ides  of the 

i 1 
I 
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discont inui ty  t o  be coplanar. 

tangent ia l  component of the velocity discontinuity [ ~ t ]  = xt 
i n  the same o r  opposite direct ion as  (Ht) and therefore i n  the  same plane 

as % and I€€. 

The veloci ty  re la t ions  a l so  show that the  

- xto is  1 

Discussion of the properties of shock waves characterized by the  

various roots f o r  m i s  f a c i l i t a t e d  by rewrit ing equation (13) as follows: 

Since the  roots 

t ion ,  it follows that 

t h a t  ms2 < - [p]/[V] if m2 = ms2 < +2. Shock waves characterized by 

the la rger  value 9 

smaller value ms slow. The mass f lux  across e i t h e r  c l a s s  of shock waves 

must therefore s a t i s f y  the  inequal i t ies  

m = mr = 53n/(4fi(V))1'2 are not considered i n  t h i s  sec- 

> q2, and conversely m2 = mf 2 
mf2 > - [p]/[vI i f  

f o r  the mass f lux  a re  cal led fast, those by the  

It follows immediately from equations (14) and (16) t h a t  ut ,  H2, and yt 

a l l  increase through a f a s t  shock wave, and decrease through a slow shock 

wave. 

Solutions of equations (4)  o r  (6) a re  determined by straightforward 

but  lengthy algebraic manipulation, de t a i l s  of which are available in 

several  sources (see, e. g., Anderson (17) or Jef f rey  and Taniuti  (la) f o r  

recent swnmaries). 

equations possess extraneous solutions that cannot occur i n  nature. 

It i s  important t o  recognize, however, t h a t  these 

These 

solut ions were or ig ina l ly  referred t o  as unstable, but  t h i s  term has now 

been generally abandoned as it has become known t h a t  t h i s  i s  not an o rd i -  

nary i n s t a b i l i t y  growing exponentially with time, bu t  ra ther  a sudden 
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disintegrat ion of the shock wave. Alternatively,  a solution containing 

an extraneous shock wave does not have neighboring solutions correspond- 

ing t o  a small change i n  the boundary condition which requires an a rb i -  

t r a r i l y  small angle of ro ta t ion  of the plane of the magnetic f i e l d .  

Ident i f ica t ion  of the physically relevant solutions cannot be made on the  

bas i s  of entropy considerations alone, as i n  ordinary gasdynamics. It i s  

necessary i n  magnetohydrodynamics t o  consider how a shock wave could 

evolve through waves of small amplitude overtaking one another and coalesc- 

ing. 

be s ta ted  i n  general mathematical terms by a p a i r  of evolutionary condi- 

t ions  (see, e.g., Je f f rey  and Taniuti'l ')). A more physical descr ipt ion 

tha t  leads t o  the same conclusions has been given recently by Kantrowitz 

and Petschek(lg).  

t i o n a l  conditions need be imposed f o r  fast  shock waves, and that the  con- 

servation equations possess extraneous solutions only for s l o w  shock waves. 

Fortunately, the extraneous solutions can be recognized e a s i l y  by the fact 

tha t  they indicate  the tangential  component of the magnetic f i e ld  t o  be 

directed oppositely on the two sides of the discontinuity, a physical 

impossibil i ty i n  a l l  but cer ta in  degenerate cases. 

equations (14) shows that the tangential  component of the magnetic f i e l d  

cannot reverse direct ion through a fast shock wave, one has the  general 

r e s u l t  that the tangent ia l  components of the  magnetic f i e l d  on the two 

s ides  of any physically relevant shock wave must a l w a y s  l i e  i n  the same 

di rec t ion .  

flow veloci ty  mst be greater  than the  ro ta t iona l  wave speed on both s ides  

of a fast  shock wave, and l e s s  than the ro ta t iona l  wave speed on both s ides  

The appropriate requirements f o r  a physically relevant solut ion may 

From e i the r  point of view, it i s  found t h a t  no addi- 

Since the f irst  of 

A fur ther  consequence of these considerations i s  that the 



of a slow shock wave. 

overtakes a slow shock wave, and t h a t  a slow shock wave cannot overtake 

It follows immediately t h a t  a fast shock wave 

a f a s t  shock wave. In  application t o  the supersonic flow of the solar 

wind past  e i the r  the  ear th’s  magnetosphere o r  the so l id  moon, 

ipated therefore tha t  the  bow wave would be a fast magnetohydrodynamic 

it i s  an t ic -  i 
I 

I 
shock wave. 

may be expected i n  the  flow downstream of the bow wave, however. 

Slow shock waves, as w e l l  as addi t ional  f a s t  shock waves, 

7. WEAK SHOCK WAWS 

The re la t ions  given i n  equations (13) and (14) simplify f o r  weak 

shock waves t o  the point where they can be expressed e x p l i c i t l y  i n  terms 

of the  sound speed a, . the Alfv6.n speed A, and i t s  components and At 

normal and tangent ia l  t o  the  plane of the discontinuity surface. 

l a t t e r  a re  defined as follows: 

The 

A = (H2/4~p)1’2, A, = (Hn2/4~p)1’2 = Alcos 01, A t  = ( H t 2 / h p )  1/2 = Alsin 01 

(17) 
where e r e fe r s  t o  the angle between the magnetic f i e l d  JJ and the shock 

normal 6. For such shock waves, the ,jump [Q] i n  every quantity Q i s  

much smaller than the quantity i t s e l f ,  and the  desired s implif icat ion can 

be accomplished by simply removing the  mean value brackets and replacing, 

f o r  c l a r i t y  of expression, the difference brackets with 6, i .e.,  (Q) = Q, 

I [Q] = 8Q. 

s ion  f o r  the  normal veloci ty  component 

Equation (13) may then be solved t o  y ie ld  the  following expres- 

vn of the incident stream: 

(a) 1 /2 
vn = {a2 + ~2 i&.2 + - h2h2 }] I 
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With vn taken posit ive,  the  larger  of the two values obtained by using 

the plus sign before the inner radical  per ta ins  t o  the fast wave, and the 

smaller t o  the slow wave. 

Equation (18) coincides with the corresponding expression f o r  the  

veloci ty  component n o m l  t o  the character is t ic  surfaces of equation (1) , 
and may be recognized, upon changing t o  a reference frame f ixed i n  the 

f l u i d  upstream of the shock wave, as the appropriate expression f o r  the 

phase ve loc i t ies  of fast and slow travel ing hydromagnetic plane waves. 

The pronagation of such waves i s  conveniently described graphically by 

the familiar normal speed or Friedrichs I diagrams, examples of which 
1 .  

I 

are  shown i n  Fig. 1 f o r  a = f i A ,  a = A, and a = A/$. I n  these diagrams, 

Vn i s  p lo t ted  as a function of angle 8 between the shock normal and the  

magnetic f i e l d  (here taken p a r a l l e l  the horizontal  ax is ) .  The outer 

curve i n  each diagram represents the r e s u l t s  f o r  the fast wave, the inner 

curves the r e s u l t s  for tne  slow wave. Ais0 included are  dotted curves 

representing the normal velocity o f  a ro ta t iona l  discont inui ty  defined by 

, 

equation (12).  For ease of i l l u s t r a t ion ,  the diagrams are  drawn f o r  t he  

plane containing the wave normal and the magnetic f i e l d  vectors. 

responding r e s u l t s  f o r  more general or ientat ions a re  represented by the 

corresponding three-dimensional surfaces formed by ro ta t ing  the  plane curves 

The cor- 
I 

of Fig. 1 about the 8 = 0 axis. These p lo t s  i l l u s t r a t e  that, f o r  any 

di rec t ion  8, the speed of  a ro ta t iona l  wave i s  intermediate between that 

of the  fast and slow waves. Further, vn f o r  the fast wave i s  equal t o  

the la rger  of a and A when the  wave n o m l  i s  p a r a l l e l  t o  ( e  = 0) , f 

and t o  (a2 4 A2) 

For the slow wave, vn 

112 
when the wave normal i s  perpendicular t o  ( e  = 3c/2). 

8 = 5c/2, and i s  equal t o  the smaller vanishes when 
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of a and A when 0 = 0. If A approaches zero while a remains f i n i t e ,  

the  surfaces representing the slow and rotat ionalwaves disappear and the  

surface representing the f a s t  wave approaches a sphere of radius 

these circumstances, the equations of  magnetohydrodynamics approach those 

0% gasQnmfce, and calculations based on aerodynamic method8 ehould pro- 

vide a good approximation f o r  most applications.  

a. Under 

If, on the other hand, 

a approaches zero while A remains f i n i t e ,  the surfaces representing 

the slow wave disappear, t h a t  representing the fast wave approaches a 

sphere of radius A, and those representing the ro ta t iona l  discont inui ty  

a re  spheres of radius A/2 as always. Although equation (18) c l ea r ly  shows 

the normal veloci ty  of fast  and slow waves t o  be invariant  with interchange 

of values f o r  a and A, and the former t o  become independent of d i rec t ion  

8 as a vanishes, it i s  important t o  observe that ro ta t iona l  discontinu- 

i t i e s  r e t a in  a f i n i t e  normal velocity and t h a t  nei ther  the d i f f e r e n t i a l  

equations nor shock re la t ions  of magnetohydrodynamics approach those of 

gasdynamics i n  th i s  l i m i t  (except i n  a special  and r e s t r i c t e d  sense f o r  

flows i n  which the  veloci ty  and magnetic f i e l d  vectors axe p a r a l l e l  at 

The jump re la t ions  given i n  equation (14) reduce s imilar ly '  i n  the  

l i m i t  of weak shock waves t o  

where the quantity i n  the l a s t  bracket of the expression f o r  6xt gives 

I 
! 
j 

! 

I 

, .  

r 
i 

t '  

j 

I 

r 

.. 
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the  direct ion and sign of t ha t  quantity. The corresponding expressions 

f o r  the change i n  pressure p and entropy S across a'weak shock wave 

a re  (see, e.g., Je f f rey  and Taniuti (14 

The l a t t e r  r e l a t ion  shows the change i n  entropy through a weak shock wave 

t o  be proportional t o  only the t h i r d  power of 6p/p, and hence t o  be van- 

ishingly small f o r  we& waves. 

i m a l  expansions, as  well as compressions, may be considered without v io la t ion  

of the entropy requirement. Thus 6p may be e i t h e r  posi t ive o r  negative. 

Moreover, equation (20) shows that,  although the change i n  pressure through 

a weak discontinuity i s  proportional t o  

magnetic f i e l d  appears i s  proportional t o  ( 6 p / ~ ) ~ .  

and pressure through magnetohydrodynamic expansions or compressions are 

thus the same as i n  gasdynamics until the strength of the  discontinuity 

Physically, t h i s  indicates  t h a t  i n f i n i t e s -  

6p/p, the  f i r s t  term i n  which the 

The changes i n  entropy 

i s  su f f i c i en t ly  great  t h a t  t h i r d  order terms mst be retained. As ind i -  

cated by equation (l9), however, t h i s  statement does not extend t o  other  

quant i t ies  such as the veloci ty  o r  the magnetic f i e l d .  

These r e su l t s  for weak compression and expansion waves are usef'ul 

for -descr ib ing  conditions at great distances from the  ea r th  o r  other d i s -  

turbing obstacles where it can be s d e l y  assumed t h a t  

are not suf f ic ien t  f o r  the discussion of the en t i r e  bow wave problem, how- 

ever, because conditions typical of the solar wind i n  the  v i c in i ty  of the 

6p/p << 1. They 
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ear th ' s  o r b i t  a re  such t h a t  

The maxim value for the  density r a t i o  across a hydromagnetic shock 

wave i s  f i n i t e ,  however, and given simply by 

j u s t  as i n  gasdynamics. 

6p/p may eas i ly  exceed uni ty  near the nose. 

pl/po = (7 + l)/(7 - l), 

8. GEOPHYSICAL APPLICATION 

The concepts and equations of magnetohydrodynamics summarized i n  

the preceding sections w i l l  now be applied t o  the  spec i f ic  geophysical 

problem of the interact ion of a steady so lar  wind and the  geomagnetic 

f i e l d .  The permanent component IIp of the l a t t e r  i s  represented by a 

centered magnetic dipole having amagnetic moment Mp = Hpoae 3 , where 

Hpo = 0.312 gauss represents t he  ear th ' s  mean permanent f i e l d  at the 

geomagnetic equator and 

the earth.  

coordinate system as i l l u s t r a t e d  in  Fig. 2, lIp 

ae = 6.37~10~ em represents the  m e a n  radius of 

With the  dipole located at  the or igin and aligned with the  

i s  given by 

gp = -(Mp/r3)(e" s i n  8 + $2 cos e )  

The t o t a l  magnetic f i e l d  at  any point i s  then the sum of 

induced magnetic f i e l d  SJ' due t o  currents  i n  the plasma.. 

s;Jp and the  

Two important parameters that  characterize the  flow at  any point 

a r e  the Mach number M and the Alfv6n Mach number MA defined by 

M = v/a , MA = v/A 

i 



winere a represents the speed of sound defined i n  equation 

speed of an Alfvgn wave defined i n  equation (l7), and 

sen t s  the f l u i d  speed. Values f o r  a and A f o r  conditions 

v = 

20 

( 2 ) ,  A the 

repre- 

t yp ica l  of 

those encountered i n  the solar wind as it flows around the magnetosphere 

a re  i l l u s t r a t e d  i n  Fig. 3. 

with time, but  number dens i t ies  of the order of 2.5 t o  25 protons/cm3, 

magnetic f i e l d s  o f  3 t o  107 (17 = io+ gauss), and temperatures of 

50,000 t o  100,OOO°K may be considered representative.  

The solar  wind i s  known t o  vary subs tan t ia l ly  

Since the  veloc- 

i t y  of the incident solar  wind ranges from about 300 t o  800 km/sec, it 

i s  evident t h a t  the free-stream Mach number 

MA are  generally much greater  than unity. 

M, and Alfvgn Mach number 

ca 

(a) Asymptotic direct ions of shock waves and wake 

When M, and MA are given together with the  direct ions of the  
co 

veloci ty  and magnetic f i e l d  vectors i n  the undisturbed i n c i -  

dent solar wind, the asymptotic directions of the  magnetosphere t a i l  (o r  

wake) and shock waves at great  distances from an obstacle can be deter-  

,voo and gw 

mined imed ia t e iy  by a simple geometrical construction based on tine nor- 

m a l  speed diagrams of Fig. 1. 

obstacle  i s  i n  e f f ec t  the confined magnetic f i e l d  as i n  the  case of the  

The r e s u l t s  apply equally whether the  

e a r t h ' s  magnetosphere, o r  the sol id  object i t s e l f  if i t s  magnetic f i e l d  

i s  not su f f i c i en t ly  strong t o  withhold the so la r  wind. Although'their 



21 

magnetic f i e l d s  have not ye t  been determined w i t h  suf f ic ien t  accuracy 

t o  make a def ini t ive statement, the moon and Venus mw be examples of 

the l a t t e r  poss ib i l i ty .  

T h i s  construction i s  i l l u s t r a t ed  i n  Fig. 4(a) for a case i n  which 

the magnetic f i e l d  vector H, i s  inclined 45' from the free-stream 

velocity vector, and MA = a. For ease of i l l u s t r a t ion ,  M, has 

been assigned a somewhat low value of 2, and only the t races  of the  

various three-dimensional surfaces i n  the plane containing the  veloci ty  

and f i e l d  vectors are shown. The or igin i s  placed i n  the obstacle, and, 

the horizontal  ax is  i s  aligned w i t h  the  direct ion of the  free-stream 

veloci ty  vector ;ybo as indicated. With center at the t i p  of the vector 

uv,, and 8 measured, from the direction of €&, equation (18) i s  used 

t o  construct curves representing the normal ve loc i t ies  of weak shock 

waves and rotational. aiscontinuities.  

o r ig in  and ro ta t ion  of the axis, the l a t t e r  are, of course, the same as 

shown i n  Fig. 1 f o r  

ous ciisconTinuities a t  great  distances from the Obstacle can now be  

determined by application of the theorem that states that the  two l ines  

drawn f r o m  any point on a c i r c l e  t o  the extremities of a diameter in t e r -  

sec t  at  a r igh t  angle. 

simply by drawing a c i r c l e  of radius 

connecting the or igin t o  the various points of intersect ion with the  

Except f o r  a t rans la t ion  of the 

a/A = &. The asymptotic direct ions of t he  vari- 

The required construction i s  thus performed 

&/2 &nd v d 2  with center at 
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Lorre1  speed curves by s t r a igh t  l ines  as indicated i n  Fig. 4(a). The 

asyaptotic direct ions can also be determined by constructing tangents 

t o  the re la ted  Friedrichs I1 diagram f o r  the waves from a point d i s -  

tur’oance as  described by Sears (21) and i l l u s t r a t e d  i n  Fig. 4(b),  but  

the construction employed i n  Fig. 4(a) i s  more d i r ec t  and f u l l y  equiv- 

a l en t  for the  present purposes. 

Also indicated i n  Fig. 4 i s  the asymptotic direct ion of the mag- 

netosphere t a i l  or wake, which as noted previously would be represented 

by e i t h e r  a tangent ia l  discontinuity o r  a contact discontinuity depend- 

ing upon whether the normal component of the magnetic f i e l d  vanishes 

or not.  I n  e i the r  case, equations ( 9 )  and (11) show tha t  Vn = 0 

indicating tha t  the w a k e  must be aligned p a r a l l e l  t o  

of the  direct ion of the magnetic f i e l d .  

discont inui t ies  i l l u s t r a t e d  i n  Fig. 4 change, however, as the direc-  

t i o n  of the magnetic f i e l d  vector i s  a l tered.  The extent of these 

changes can be readi ly  visualized, moreover, since a change i n  the  

d i rec t ion  of the magnetic f i e l d  leads t o  a ro ta t ion  of the Friedrichs 

speed diagrams about the end of the fixed & vector, and t h i s  i n  

tu rn  leads t o  associated changes i n  the intersect ion points of Fig. 4(a) 

or t he  tangency points of Fig. 4(b). 

v- 
The or ientat ions of the  other 

independently 
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(b) Relation between hydromagnetic and gasdynamic f l o w s  

Although the diagram of Fig. 4 are f o r  the case i n  which the  

f ree-s t reaa  Ihch number i s  2 and the speed of  sound i s  f i  times the  

Alfv&n speed, t h a t  i s  f o r  (a/A)o, = (h.jcyp,/H, ) 

t i v e  character of  these diagra2s remains the  sane for a l l  Mach numbers 

and r a t i o s  (a/A), greater than unity. If  Pa, should become small rela- 

t i v e  t o  s, however, as might readily occur i f  t he  magnetic f i e l d  should 

2 112 = @, t he  qual i ta-  

diminish i n  intensity,  the inner loops representing the propagation speeds 

or" ro ta t iona l  and s l o w  waves becoxe small r e l a t ive  t o  the  outer ovals rep- 

resenting the  fast  waves. Finally, if the magnetic f i e l d  approaches zero, 

the inner loops shrink toward a point at  the end of the  ;yo0 vector while 

the outer oval approaches a c i r c l e  (or sphere i n  the corresponding three- 

dimensional representation) o f  radius %. I n  t h i s  way, the  fast hydro- 

magnetic wave degenerates t o  the Mach wave of ordinary gasdynamics, and 

the  ro ta t iona l  and fast  waves lose  their  physical significance. The f l u i d  

a.nd electromagnetic aspects of the flow thus decouple, and the  f l u i d  motion 

i s  described en t i re ly  by the  equations of gasdynamics. The approach t o  

the  l imiting case appears, moreover, t o  be free of singular behavior and 

it i s  t o  be expected tha t  gasdynamic theory w i l l  provide a useful approxi- 

mation t o  hydromagnetic flows when (a/A), 

unity.  It should be observed, however, t h a t  the gasdynamic Mach number 

should be associated with the Mach number M 

magnetic flow, ra ther  than the AJfv6.n Mach nurdber 

i s  substant ia l ly  greater  than 

of the corresponding hydro- 

MA as has been done 

r. 

i n  most previous discussions of t h i s  application. 
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If ,  on the other hand, the AJf'v6n speed i s  subs tan t ia l ly  grea te r  

than the  sound speed, as would occur if the magnetic f i e l d  i s  su f f i c i en t ly  

strong, the inner loops representing the slow wave speed again shrink 

toward a point at  the end of the  ,v, vector, while the outer oval rep- 

resenting the fast  wave speed approaches a c i r c l e  of radius 

resu l t ing  asymptotic direct ions f o r  f a s t  waves i n  a hydromagnetic flow 

of  Alfv6n Mach number ML 

nunber bIm = MA . As described by Sears (21) and others, the flows are 

not necessarily s i m i l a r ,  however, because the physically s ign i f icant  waves 

%. The 

thus approach those of gasdynamics f o r  Mach 

03 

f o r  cer ta in  combinations of M,, M k ,  and angles between ,v, and H,, are 

those tha t  extend upstream rather than downstream from the  disturbance. 

When such conditions prevai l ,  hydromagnetic flow about a given obstacle 

may s t i l l  tend t o  resemble gasdynamic flow about the same obstacle, b u t  

the flow direct ion of the  related incident stream must be reversed. 

( c )  Aligned flows 

Clar i f icat ion of the l a t t e r  point can be a t ta ined  by considering 

the  case i n  which the magnetic f i e l d  i s  aligned with the veloci ty  vector 

, u1au , a1u U ~ 1 1 G 1 0  

have shown f o r  th i s  case t h a t  the  d i f f e r e n t i a l  equations and conservation 

r e l a t ions  of hydromagnetic flow (i .e. ,  equations (1) and (4 ) )  require 

t h a t  

= APT ' (23) 

where A i s  constant on a streamline. More importantly, they have a l so  

shown t h a t  these equations can be reduced t o  those of conventional gas- 

dynamics (although of a hypothetical gas having an unusual equation of 
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s t a t e )  upon introduction of the pseudoquantities r e l a t ed  t o  the ac tua l  

physical quant i t ies  as follows : 

The equation of s t a t e  of  the hypothetical gas i s  given by 

Application of the thermodynamic re la t ions  dh = dp/p and a2 = ap/ap 

along a streamline yields  the following important auxiliary re la t ions  

h* = h + A2(1 - Ni2/2) 

(26) 
-2 2 a* = (1 - MA ) [a'(l - M i 2 )  + A2] 

M * ~  = (+/a*)2 = MZM~~/(M~ + M~~ - 1) 

where ho i s  the stagnation enthalpy on a given streamline. The approach 

t o  gasdynamics as tends t o  zero and MA t o  i n f i n i t y  i s  c lear ly  evi-  

dent from these re la t ions ,  Although the mathematical analog holds f o r  

pseudodensity p* i s  negative, and the analog flow i s  i n  the  reverse 

d i rec t ion  t o  the ac tua l  flow since and y a re  of opposite sign. Never- 

the less ,  such applications have been car r ied  out i n  complete d e t a i l  for sub- 

Alfv6nic (MA < 1) flow past  an obstacle (see,  e .g . ,  Tamada (23 ) ) .  . f 

To complete the analog, consider the w a y  i n  which the boundary condi- 

With MA t i o n s  t ransform when the  relat ions of equation (24) a re  applied. 

t yp ica l ly  substant ia l ly  greater  than uni ty  i n  the f r e e  stream, the  boundary 

.. . 
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conditio2 or" uniform flow of given 

the obstacle trmsforms d i rec t ly  into a uniform flow i n  the same direct ion 

having a pseudo Mach nuniber NL = M,MA /(Moo2 + MZ 

t ions  t o  hydromagnetic f l o w  around an umagnetized planet o r  moon, the 

boundary condition tha t  

as 

3Zw and HA at  great  distances from 
W 

- l)1'2. I n  applica- 
W W 

Vn = 0 at  the body surface car r ies  over unchanged 

vn*- = 0, and the  en t i r e  problem reduces immediately t o  a standard, 

although nonlinear and d i f f i c u l t ,  problem i n  gasdynamics. 

Additional considerations are necessary, however, i n  applications t o  

flow around the magnetosphere of a magnetized planet such as the  ear th  f o r  

which the location of the tangential  discontinuity representing the  mag- 

netosphere boundary must be determined as pa r t  of the solution. 

d i t i on  specified i n  equation ( 2 3 )  i s  s a t i s f i e d  everywhere outside the  

The con- 

magnetosphere boundary whenever €IW and xW are para l le l ,  but  extension 

of  t h i s  condition t o  the in t e r io r  or" the  magnetosphere appears nei ther  

necessary nor appropriate. 

nitudes of t'ne gas pressure p and the magnetic pressure H2/& i n  t he  

outer  magnetosphere lead t o  the conclusion t h a t  

To be more expl ic i t ,  a l l  estimates of t he  mag- 

p << H2/87c. So far as 

the flow outside the  magnetosphere i s  concerned, the  magnetosphere bound- 

ary may thus be represented by the l imit ing case of a tangent ia l  discon- 

t i n u i t y  i n  which there  i s  a vacuum ( p  = 0) on one side, and across which 

the  sum of gas and magnetic pressure of t he  exter ior  flow must be balanced 

e n t i r e l y  by the magnetic pressure of  t he  magnetosphere. The magnetosphere 

boundary thus becomes a real boundary of the f l o w  and the  analog t o  gas- 

dynamics i s  completed except tha t  t he  shape and s ize  of the-obstacle  cor- 

responding t o  the magnetosphere is not known a pr ior i ,  but mst be 

determined as pa r t  of the  solution much as i n  the  c l a s s i ca l  theory of 



f r e e - s t r e d i n e  flows i n  hydrodynamics (see, e.g. , Lamb(24)). 

and s ize  or" the  magnetosFhere 'oounday are, however, e f fec t ive ly  inde- 

pendent of the  de t a i l s  of f l o w  within the  magnetosphere, and determined 

p r i m i i y  by the  interact ion between the  magnetic f i e l d  within the mag- 

netosphere and the hydromagnetic f l o w  around the exter ior .  There i s  

s t i l l  flow t o  be expected within the magnetosphere, but  it would be 

required t o  move about as i f  it were confined i n  a container described 

by the magnetosphere boundary. 

The form 

9. RESULTS OF G A S D Y l T M C  CAJXXLATIONS 

Although the  experimental confirmation by IMP-I satel l i te  of the 

theore t ica l  location of the magnetosphere boundary and associated bow 

shock wave calculated by Sprei ter  and Jones (lo) provides one of the  major 

j u s t i f i ca t ions  for the  study of continuum models f o r  the  flow of s o l a r  

plasma around t'ne magnetosphere, it should be observed that these calcu- 

l a t ions  are accomplished through use of four  important approximations, the 

accuracies of which are not immediately self-evident. F i r s t ,  the  flow 

around the magnetosphere and the  posit ion of t he  shock wave are calculated 

by means of gasdynamic rather  than hydromagnetic theory. 

f l u i d  pressure at each point of the magnetosphere boundary i s  assumed t o  

be given by the  simple Newtonian formula Kpmvm2 cos2 

trast t o  the  notation used i n  equation (10) the density and veloci ty  of 

t h e  undisturbed incident stream are represented by 

i s  a constant equal t o  unity.  

Second, the  

where i n  con- 

p, and v,, and K 

Third, the magnetic f i e l d ' j u s t  inside the  

magnetosphere boundary which provides the balancing magnetic pressure 

H2/& i s  assumed t o  be approximated suf f ic ien t ly  w e l l  by twice the  



. .  

tangent ia l  component of the geomagnetic dipole f i e l d .  

of the  magnetosphere boundary i s  approximated by an axisymmetric f igure 

defined by rotat ing about the  sun-earth l i n e  the equatorial  plane t r ace  

of  t he  magnetosphere boundary calculated with the  second and t h i r d  

approxirnztions . 

Fourth, the shape 

Except f o r  the  special  case of  aligned flow f o r  which Imai's analog 

defined by equations (23) through (26) can be applied, the f i r s t  approxi- 

mation i s  v i r tua l ly  a necessity a t  the present st-e of capabi l i t i es  i n  

the solution of supersonic f l o w  around blunt obstacles, but  for tunately 

i s  probably ju s t i f i ab le  i n  most cases on the bas i s  of the high Alfv6.n 

Mach number charac te r i s t ic  of the flow at  a l l  points outside t h e  

magnetosphere. 

The second may appear t o  be a ves t iga l  remnant of the  older  free 

;?article model of Chapman and Ferraro (see, e.g., Chapman for a 

_ ~ _ _ _ _  review) f o r  "cine rrfigaetosp'nere bounciary, 'out will be shown herein t o  

ac tua l ly  provide a good approximation for the  pressure i n  the  f l u i d  

model, par t icu lar ly  i f  a s l igh t  adjustment i s  made i n  the  value of the 

coeff ic ient  K. ' I ts  use has the very important e f f ec t  of enabling the 

shape of  the magnetosphere boundary t o  be determined without fur ther  

consideration of de t a i l s  of the surrounding flow. 

The t h i r d  approximation i s  purely a convenience at t h i s  stage of 

the analysis.  The shape of the complete magnetosphere boundary has 

been determined by using t h i s  approximation by Briggs and Sprei ter  (26) 

and without it, but  with the  pressure s t i l l  given by. the Newtonian 

formula by Midgeley and Davis (27 )  and Mead and Beard(28). As shown by 

1.  



the lat-cer authors, however, the exact and approximate coordinates of the 

boiadary d i f f e r  by only a few per cent. I n  any case, fur ther  simplifica- 

t i on  of t'ne shape of the magnetosphere boundary i s  necessary since the 

present s t a t e  of development of the theory of supersonic flow around three-  

dirncnsianal blunt  nose abstaclos anablen calculatLons t e  be made 0nl.y f o r  

axisymrnetric flows, and the magnetosphere boundary i s  not indicated t o  be 

per fec t ly  axisymmetric by any of the above calculations.  

The pr incipal  gasdynanic resu l t  presented by Spre i te r  and Jones (10) 

was a plot  of the calculated posit ion of  the bow shock wave associated 

wi-ch the simplified ax i spmet r i c  mgnetosphere described i n  the preced- 

ing paragraphs. 

'neats y of 2, and a free-streamMach number of 8.71.. The l a t t e r  was 

iden t i f i ed  with the free-stream Alfv6n Mach nwnber associated with a rep- 

resentat ive choice of values f o r  the density, velocity,  and magnetic 

The calculations were performed f o r  a r a t i o  of spec i f ic  

Tieid tiie lacideiit ~ 0 1 a . z  wilid. It follows fi-om the diaciission of the  

preceding sections,  however, t ha t  the gasdynamic Mach number should more 

properly be ident i f ied  e i the r  with the free-stream pseudo Mach number 

defined i n  equation (26) i f  the flow i s  aligned with the magnetic f i e l d  

and the Alfvgn Mach number i s  greater than unity,  or with the free-stream 

Mach nuriiber i f  the f i e l d  has a rb i t ra ry  alignment and i s  su f f i c i en t ly  weak 

t h a t  the Alfv6n Mach number i s  much greater  than unity.  

of the gasdynamic calculations were not presented, however. 

f o r e  the f i rs t  purpose of t h i s  section t o  provide fu r the r  d e t a i l s  of the  

flow f i e l d ,  such as,  the density, velocity,  temperature, e tc .  I n  order 

t o  f a c i l i t a t e  comparison and interpolation, these r e s u l t s  are  presented 

f o r  a free-stream Mach number of 8 ra ther  than 8.71. 

M* 

Further r e s u l t s  

It i s  there- 



T'ne necessary calculations have been carr ied o u t  by the same methods 

err.ployed by Sprei ter  and Jones"'); nmely those described by Inouye and 

L o r m  (29) using the basic  method of Van Dyke ("I and V a n  Dyke and Gordon (31) 

as modified by 

the im.ediately adjoining portfon o f  tile supersonic region is an indirect. 

one i n  which the location of t he  bow shock wave and the conditions across 

it are  given and the resul t ing f l o w  f i e l d  and body shape a re  found as 

pa r t  of the solution. 

boundary i n  the  present application, i s  then found by i t e r a t i o n  following 

judicious select ion of the t r ia l  bow shock wave shape based on experience 

with a vast number of cases o f  aerodynamic in te res t .  

cussion of de t a i l s  of the method including re la ted  mathematical aspects, 

such as, convergence, s t ab i l i t y ,  and accuracy, has recent ly  been given by 

Lomax and I n ~ u y e ' ~ ~ ) .  The solution f o r  the remainder of the  supersonic 

region i s  accomplished by the method of character is t ics  described explic- 

The method used f o r  the subsonic region and 

The solution f o r  the desired body, the  magnetosphere 

A more complete d i s -  

i z l y  by Inouye and Lomax (29) . 
Figure 5 shows a p lo t  of the magnetosphere boundary and shock wave 

y = 2 and M, = 8 i n  terms of a dimensionless length scale posi t ion f o r  

i n  which the distance 

sphere nose i s  uni ty .  The appropriate expression f o r  D consistent with 

the  assumptions enumerated at the beginning of t h i s  section i s  

D f r o m  the center of the  ear th  t o  the magneto- 

(3 )  113 2 116 
D = aeHpo /(&KP,~, ) 

where 

i s  now w e l l  established tha t  

r a d i i ,  and f luctuates  w i t h  time in  response t o  var ia t ions i n  the  density 

ae = 6 . 3 7 ~ 1 0 ~  cm and Hpo = 0.312 gauss as noted previously. It 

D i s  generally of the order of 10 earth 



p, and velocity v, of  the incidcnt stream. Except f o r  the  normalization 

of the distance scale and s l igh t  changes due t o  the  difference i n  free- 

strean ?,Tach number, the curves S~OVLI i n  Fig. 5 are  exactly as given by 

Sprei ter  a d  Jones (lo). 

era1  additional so l id  l i nes  representing streamlines, and broken l i nes  

Also included on t h i s  f igure,  however, are sev- 

representing charac te r i s t ic  or Mach l ines  of the flow. The la t ter  corre- 

spond t o  standing compression o r  expansion waves of  inf ini tes imal  ampli- 

tude. As indicated by equation (18) with A = 0, they cross the  streamlines 

a t  such angles t h a t  t'ne loca l  velocity component normal t o  the wave i s  

always exactly equal t o  the  l o c a l  sound speed. Mach l i n e s  thus exist 

09ly where the  f l o w  i s  supersonic; t h e i r  absence from t he  v i c in i ty  of 

the magnetosphere nose i s  a consequence of the f l o w  there  being subsonic. 

Th i s  p lo t  a lso shows t h a t  the angle between the shock wave and the  inc i -  

dent stream i s  much la rger  than the asymptotic angle along the en t i r e  

length of the  shock wzve included Ln the i l h s t r a t i o n ,  the asymptotic 

angle being eas i ly  recognized as equal t o  the  angle between the  stream- 

l i n e s  and Mach l ines  oI" the  incident undisturbed f l o w  upstream from the  

bow shock wave. It follows at once t h a t  knowledge of the  asymptotic direc-  

t i ons  of weak shock waves i s  of  limited usefulness i n  the estimation of 

the  location of the bow shock wave, except at  extremely great  distances 

from the  earth.  

Contour maps showing l ines  of constant density p, veloci ty  v, 

temperature T, and mass flux pv, each normalized by dividing by the 

corresponding quantity i n  the  incident stream, are  presented i n  Figs. 6, 

7, a d  8 f o r  the  same conditions as i n  Fig. 5, namely, M, = 8 and 7 = 2. 



It can be seen t h a t  the density r a t io  p/pm immediately behind the shock 

r e m i n s  close t o  the  maximum value ( y  + l)/(y - 1) = 3 f o r  a strong shock 

wave i n  a gas with y = 2 along n e u l y  the en t i r e  length of t he  bow wave 

s'noim. The gas undergoes only a sr,m,ll addi t ional  compression as it nears 

the stagnation Coint a t  the magnetosphere nose and then expands t o  l e s s  

than free-stream density as it f l o w s  around the magnetosphere. The veloc- 

i t y  remains l e s s  than i n  the  free  stream, however, throughout the same 

region. The temperature r a t i o  T/TW i s  closely re la ted  t o  the  velocity 

r a t i o  through the  expression 

derived by integrat ing equation (3) with 

for the  enthalpy h and speed of sound a given i n  equation (2),  and 

rearranging. If values for y and M, are given, it i s  then a s t ra ight -  

fo-mard and simple calculation t o  determine T/T, as a function of v/v,. 

The r e su l t s  presented i n  Fig. 7 show t h a t  the temperature i s  substant ia l ly  

higher than i n  the  free stream throughout the  en t i r e  region i l l u s t r a t e d  

i n  Figs. 5 through 8. I f ,  e.g., the temperature of the  incident s o l a r  

wind i s  50,000°K, the temperature a t  the magnetosphere nose i s  indicated 

t o  be nearly 2,000,000°K. This value i s  consistent with the temperature 

possessed by the  gas i n  the solar corona before it w a s  accelerated t o  the 

high ve loc i t ies  charac te r i s t ic  of the  s o l a r  wind i n  the  v i c in i ty  of the 

ea r th ' s  o rb i t .  

t h e  magnetosphere, it i s  s t i l l  about 850,000% as it passes the  s t a t ion  

or' t he  ear th  (x/D = 0) and about @O,OOO% f a r the r  downstream at  

= 0, combining with re la t ions  

Although the  gas cools considerably as it flows around 

x/D = 1. 
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Although The mass flux r a t i o  i s  sinply the product of 

alzeady i l l u s t r a t e d  i n  Figs. 6 and 7, it i s  included here because of i t s  

p/p, and v/v, 

re la t ion  t c  the quantity customayily Keasured 'QY plasma probes and because 

of t h e  interest ing shapes of the contours. It should be observed before 

closing t h i s  discussion tha t  t he  constant velocity contours of Fig. 7 can 

also be used t o  represent, with a suita'ule relabeling, l i nes  of constant 

l oca l  Mach nmber 

(28) which show t h a t  a i s  proportional t o  f o r  a given pa i r  of values 

?or  y and p, and T/T, depends only on v/v, f o r  given M, and y .  There 

ex is t s ,  therefore, f o r  flow characterized by given M,, y ,  and p, a unique 

value f o r  M associated with every value f o r  v/v,. Contours f o r  con- 

s t an t  loca l  Mach nmber are thus ident ica l  t o  those f o r  constant veloci ty  

M = v/a. This statement follows from equations (2)  and 

r a t i o .  Similarly, since the  mean velocity of the pa r t i c l e s  i s  propor- 

t iona l ,  but  not equal, t o  the speed of sound according t o  the simple 

k ine t i c  theory of  a gas, contours of  constant r a t i o  of directed t o  ran- 

dom velocity are also ident ica l  to  those for constant v/v,. 

The choice of the  value 2 for t'ne r a t i o  of specif ic  heats employed 

i n  calculating Figs.  5 through 8 i s  ju s t i f i ed  i n  a var ie ty  of w a y s ,  gen- 

e r a l l y  centering around the  presumed two-degree-of-freedom nature of the 

interact ions of charged par t ic les  i n  a magnetic f i e l d .  This argument 

weakens, however, when consideration i s  given t o  the  extremely irregular 

character of the  magnetic f i e l d s  observed i n  space, par t icu lar ly  down- 

stream of  t'ne bow shock wave. In f ac t ,  the  whole concept of applying 

hydromagnetic theory t o  the  flow of s o l a r  plasma around the  magnetosphere 

involving as it does the assumption of an isotropic  pressure appears more 
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ccmisten; in te rna l ly  if the  pa t i ic les  are  cons lered t o  behave as i f  

they have three rather  than two degrees of Ireedom. Since y = ( N + 2 ) / N  

where N i s  the  number of degrees of freedom, r e su l t s  pa ra l l e l  t o  those 

?resented i n  Figs. 5 through 8 haw Seen calculated f o r  

y = 5/3. 

a l l  qua l i ta t ive  feztures  t o  those f o r  y = 2. 

the  standoff distance of the  shock wave i s  less, the density i s  generally 

somewhat higher, and the  temperature substant ia l ly  lower for 

f o r  7 = 2. 

M, = 8 and 

The resu l t s ,  presented i n  Figs. 9 through 12, are  s i m i l a r  i n  

Quantitatively,  however, 

y = 5/3 than 

Reference t o  Fig. 3 and the accompanying discussion shows t h a t  t h e  

value of 8 f o r  the free-stream Mach nwn5er i s  w e l l  centered i n  the range 

02 values t o  be expected i n  the incident solar wind. 

tezGerature, and therefore the speed of sound, vary over a considerable 

range, however, and it i s  of in te res t  t o  determine the  extent t o  which 

conditions i n  the  flow around the  magnetosphere change with Mach nuuiPer. 

Fdrther calculations have been made therefore f o r  Mach numbers of 5 and 

12 for a gas with 

t'nose presented above, they are presented i n  abridged form i n  Figs. 1.3 

t'hrough 15. 

conditions together with the resu l t s  f o r  

It can be seen t h a t  the bow wave recedes from the  magnetosphere as the 

Mach number diminishes and as y increases. The change i s  small, how- 

The veloci ty  and 

y = 5/3. Since most of the results are  so similar t o  

Figure 13 shows the  position of t he  bow shock waves f o r  these 

M, = 8, shown i n  Figs. 5 and 9. 

ever, as the Mach number i s  increased from 8 t o  12. 

of t h e  bow wave shown i n  these figures is ,  i n  f ac t ,  very near i t s  asymp- 

t o t i c  posit ion for i n f i n i t e  Mach number, and f'urther increases i n  Mach 

The en t i r e  portion 
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nulher a re  v i r tua l ly  without effect .  This lack of dependence on Mach 

n u h e r  does not apply, however, far downstream of the  ear th  where t h e  

bov wave approaches alignment w i t h  the  asymptotic direction of w e a k  d i s -  

cor-t inclt ies i n  the undisturbed incident solar wind. The var ia t ion of 

density, velocity, and mass flux Glong tile nqnetosphere boundary and 

t'ne downstream side of the shock wave are shovm i n  Fig. 14. The most 

s t r ik ing  conclusion i s  tha t  these quant i t ies  are v i r tua l ly  independent 

of Mach number, and only s l igh t ly  dependent on y .  On the other hand, 

r e su l t s  presented i n  Fig. 1-5 show t h a t  the temperature depends strongly 

on :hch nimber a id  

mmbers and larger  

ecpation (28). 

y ,  with higher values associated with higher Mach 

y ,  a trend clearly revealed by inspection of 

A usefu l  quantity f o r  characterizing the  location of the bow shock 

wave i s  the standoff distance A a t  the  nose of the magnetosphere. T h i s  

distance i s  controlled t o  a large degree by mss conservation considera- 

t ions,  since the mass f l o w  passing between the  magnetosphere and t h e  bow 

wave at  any s t a t ion  must patch that crossing the  bow wave inside that 

s ta t ion .  More specif ical ly ,  t he  standoff distance at  high Mach numbers 

i s  determined almost en t i re ly  by the  density r a t i o  pl/p, across the  

bow wave on the  stagnation streamline. The l a t t e r  i s  re la ted  t o  the free- 

stream Mach number and the  r a t i o  o f  specif ic  heats according t o  the 

following expression: 

The var ia t ion of  standoff distance w i t h  

range of values f o r  y and free-stream Mach nuniber M, i n  Fig. 16. As 

pl/p, i s  presented f o r  a wide 



previously shown i n  an aerodynamic context by SeiLl ,,(34) and I n ~ u y e ( ~ ~ ) ,  t h i s  

d l s tmce  vzries nearly l i3ear ly  with 

t ions.  Xith the stardoff d i s tmce  A norrr2lized by the distance D from 

the cen-ter of t'ne ear th  t o  the nose of "ne ragnetosphere, the  following 

o i r n p l c  cmpirical formula emerges 

p,/pl over a wide range of condi- 

I n  order t o  i l l u s t r a t e  further de t a i l s  of  supersonic flow of a com- 

pressible  gas past  the rmgnetosphere, an experiment w a s  conducted i n  the  

Ames Research Center, Supersonic Free F l igh t  Wind Tunnel, by Donn Kirk i n  

which shadowgraph photographs were taken of  a metal model of the  magneto- 

sphere i n  f l i g h t  at  Mach numbers Setween about 4.5 and 5 through argon. 

I n  norrml use of  t h i s  f a c i l i t y ,  models are  f i r e d  f r o m  a 50 cal iber  l i gh t -  

gas gun upstream through an elongated t e s t  section of an otherwise normal 

supersonic wind tunnel. The working f l u i d  normally ernployed i s  air, bu t  

other  gases can be used f o r  a rmre l imited range of t es t  conditions t h a t  

can be reached by shooting the models in to  s ta t ionary gas. 

the  wind tunnel i s  only used as a tank t o  contain the gas in to  which the 

model i s  f i r e d  as i n  a conventional b a i l i s t i c s  range. 

veloci ty  between any given pro jec t i le  and the gas i s  thus l imited by the 

allowable muzzle velocity, the  maximum Mach number t h a t  can be a t ta ined  

depends >rirnarily on the  speed oI" sound i n  the gas i n  the tes t  section. 

By select ing argon as the gas, i t  i s  possible t o  obtain a value of 5/3 

lor 7 

o r  5 c m  be achieved by f i r i n g  the p ro jec t i l e  in to  s ta t ionary gas. 

Although these conditions are not ident ica l  with those experienced by the  

I n  other words, 

Since the  relative 

and a low enough speed of sound tha t  Mach numbers as high as 4.5 
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ac'iual napetosphere past  whic i'lcirs ionized hybogen at  Mach numbers 

between, say, 5 and 12 or more, tiiey are suf f ic ien t ly  close with respect 

t o  the ttro most important parameters of the  present analysis, namely 

a id  bIm, t ha t  the  r e su l t s  should be v,sei%l a?d instruct ive.  

y 

The model i t s e l f  must be of  Tini te  Length and aisymmetric t o  per- 

m i t  f i r i n g  i n  the gun. 

order t o  f a c i l i t a t e  coi-rqai-ison wi t ' ?  theoret ical  resu l t s ,  t he  model w a s  

contoured t o  t he  shape describedby the  equatorial  t race  of  the  bound- 

a ry  of  the Wnetosphere calculated by Sprei ter  and Hyett (36) and Sprei ter  

a-rld Sumxers (37 )  using a modified versio2 of the  Chapman-Ferraro theory 

i n  which the boundary condition given here by equation (LO) i s  replaced 

by a re la ted  equation i n  which the left-hand side i s  equal t o  

r a the r  than simply pa cos2 + where + represents the  angle between the  

direct ions of the  free-stream velocity vector and the normal t o  the mag- 

netosphere boundary and p = Kp v -. Results were given f o r  many d i f f e r -  

en t  values f o r  the r a t i o  

ps/pd = 0.1. 

sphere i s  very similar, although not identical ,  t o  t h a t  f o r  

i n  Figs. 5 through 16. 

supersonic flow tha t  the  location of the bow wave and de ta i l s  of t he  flow 

arouqd the  forward par t  o f  the  magnetosphere are  very nearly the  same 

whether 

i e l u e n c e  on the shape of the rear of the magnetosphere, however, and 

d e t a i l s  of the  flow may be expected t o  d i f f e r  correspondingly i n  this 

region. 

i n  accordance with these requirements and i n  

ps+ pa cos2 9 

9 

d c o w  

ps/pd; t h a t  selected for the  experiment i s  

The f o r w u d ,  o r  silnward, portion of the resul t ing magneto- 

ps = 0 used 

It follows f r o m  the  basic  ru les  of subsonic and 

ps/pd = 0 o r  0.1. The value for t h i s  parameter has a profound 
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In  The pho-cograph of Fig.  17, the  :.iach nmber i s  4.65; the equivalent 

posi t ion of the ear th  i s  represemed by the s m a l l  white c i rcu lar  d i sc  

superposed on the  opaque nodel magnetosphere, and the small pointed spike 

on the doimstream side of  the magnetosphere i s  t o  help ident i fy  the  o r i -  

entation of the model as it f l i e s  through the t e s t  section. 

u l a r  photograph w a s  taken wit'n a focussing shadowgraph system which has 

This pa r t i c -  

ahe property of portraying the shock wave with good resolution,. but  a t  

the sacr i f ice  of most other de ta i l s  of the f l o w .  Most of the scat tered 

isolated de t a i l s  t ha t  are, i n  fact ,  v i s ib le  i n  the  photograph are without 

geophysical meaning and are the resul t  of damage t o  the  viewing windows 

caused by irnpacting models and the i r  fragments i n  the course of years of 

use of the  f a c i l i t y .  

The photograph shown i n  Fig. 1.7 i s  du-olicated i n  Fig. 18 w i t h  a 

superposed l i n e  indicating the calculated posit ion f o r  the bow shock wave 

z..ssoc~ated ;;ith f l = w  at ?4 = 4.65 cf =. perTect gas 01' 

body having the  same shape as the  magnetosphere model. 

which the  calculation procedures employed i n  t h i s  paper can predict  the 

y = 5/3 pas t  a 

The accuracy with 

co 

locat ion of the bow shock wave i s  i l l u s t r a t e d  by the  essent ia l ly  perfect  

agreement with the  r e su l t s  i l l u s t r a t ed  i n  the shadowgraph. 

More de t a i l s  of  the flow f i e l d  can be made v is ib le  by photographing 

the  model with an ordinary shadowgraph system rather  than the  focussing 

system used t o  obtain Figs. 17 and 18. 

taken with such a system at  a s ta t ion somewhat f a r the r  along i n  i t s  

A shadowgraph of the  same model 

f l i g h t  where it had decelerated t o  a Mach number of 4.50 i s  shown i n  

Fig.  19. Although the  thickness o f  the  bow wave i s  exaggerated when 



viewed through the sirnpie opt ica l  system o l  the  ordinary shadowgraph 

equipment, other de t a i l s  are made visii3le t ha t  are  not revealed when 

viewed through the focussing systan. I n  par t icular ,  one may see the  

characzer is t ic  o r  Mach waves between the forward par t  of the  model and 

the bow wave in the region where the l o c a l  veloci t ies  a r e  supersonic. 

Since the  node1 i s  convex, these waves must be rarefaction waves. They 

extend outward f rom the model i n t o  the  stream u n t i l  they in te rsec t  the  

bow wave. Comparison with the calculated locations of Mach waves and 

streamlines presented i n  Figs. 5 axid 9 shows t ha t  t he  f a i n t  discontinuity 

surfaces tha t  extend downstream from the  points of  intersect ion of the 

rarer'action waves m d  the bow wave are  streamlines ra ther  thax re f lec ted  

compression o r  expansion waves. Any re f lec ted  waves tha t  might be pres- 

ent are too weak t o  be v is ib le  i n  the photographs. 

i n  t h i s  photograph i s  the wake of t he  p ro jec t i l e  extending far downstream 

Yrom the model. 'The generai character is t ics  oi" the  wake v is ib le  i r i  th i s  

shzdowgraph are  s i a i l a r  t o  those portrayed i n  many sketches tha t  have been 

dram of  the flow around the  ear th 's  magnetosphere. 

I"-1 ~ a t e l l i t e ' ~ )  provide new insight into the nature of the  magnetosphere 

ta i l ,  however, by establishing the existence of a neutral  surface separat-  

Prominently v i s ib l e  

Recer,t r e s u l t s  from 

ing an t l so la r  directed f i e l d s  i n  the southern half of the ear th ' s  magnetic 

t a i l  and so la r  directed f i e l d s  i n  the  northern half of the t a i l .  The 

e l e c t r i c a l  current t ha t  flows i n  the  neut ra l  surface serves t o  prevent 

t he  magnetosphere t a i l  from contracting i n  cross-section area with increas- 

ing distance f r o m  the ear th  and t o  maintain the t a i l  i n  a more or less 

cy l indr ica l  configuration f o r  great distances from the  earth.  For this 



i-ezson, cer ta in  de t a i l s  of the T l o v  i n  t h c  vic in i ty  o l  the  wake i l l u s t r a t e d  

i3 Pig. 19 probably have l i t t l e  relevmce with respect t o  the  flow of the 

S a k r  wLnd Gast the eerzh. 

i;c-,.;.ever, t o  the ?low past  a large and sli$?tly nqpe t i zed  object such as, 

>ossibly, the moon o r  Venus. 

"=ley ~ ~ j r  very i iel l  have considerable relevance, 

There rep-ains the questiori as t o  how accurately the  simple Newtonian 

pressure formula given by 

sure along the magnetosphere boundary. 

applications by simply comparing the pressure so determined with t h a t  indi-  

cz-ked by the  detai led gasdynamic calculations.  The r e su l t s  of such a com- 

parison are  assembled i n  Fig. 20 f o r  the cases included i n  Figs. 5 through 

15.  It can be seen t h a t  the simple Newtoxian expression provides a gen- 

e r a l l y  good approximation over most  of the  magnetosphere boundary of i n t e r -  

e s t  i n  the present studies.  s The agreement i s  par t icu lar ly  good over the 

Fortion of the  magnetosphere along which the f low i s  subsonic. 

ni?'ic&?t chzcges are  t o  be expected, therefore, i n  the shape of  the nose 

port ion of the  bow wave due t o  the use of a more accurate and necessarily 

more coxplicated calculation of the pressure. The Newtonian pressure 

formila does, however, underestinate the pressure somewhat along the  

f lanks of the magnetosphere, indicating t h a t  a revised calculation using 

the gasdynamic pressure dis t r ibut ion would lead t o  a s l i gh t ly  slimmer 

r?.agnetosphere. 

sure  i s  balanced according t o  the discussion following equation (9) i s  

approximately proportional t o  the inverse s ix th  power of t he  distance 

from the center of the earth, the resul t ing change i n  the  magnetosphere 

p = pd cos2 u provides the var ia t ion of pres- 

This can be checked i n  the present 

No s ig -  

Since the magnetic pressure against which the  gas pres- 
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shage would be expec-ced -co 'oe sm2.l;. 

b j r  xhese resulys i s  the lack or' slgaificzz; variazion of the  pressure 

i?, p o l n t  of equal in t e re s t  displayed 

The pressure at  the  nose of the napetosphere provided by the 

detai led calculations zgrees, as it r A x s t J  wi-th the  following w e l l  known 

ex-ression for the  stagnation pressure a t  the nose of  a blunt obstacle 

i n  a supersonic stream ( 3 4  

This e q r e s s i o n  i s  derived by considering the f l o w  t o  experience a sudden 

coxpression as it traverses a nornal gasdjmamic shock wave followed by 

a additlonal grackal iser,tropic compression as it decelerates t o  rest 

zt the  m c e  n f  the obstacle. It simFlifies as follows f o r  y = 2 o r  513. 

for y = 2 

(32) 

Since the  f r e e - s t r e m  Mach number Mm i s  much greater  than uni ty  i n  the 

present applications, comparison with the Newtonian expression f o r  the  

pressure at the  magnetosphere nose, namely 

equation (lo), reveals t h a t  K approaches 0.841: f o r  y = 2 and 0.881 f o r  

y = 5/3. Since equation (27) shows tha t  the  distance D t o  the  nose of 

t h e  magnetosphere i s  proportional t o  the inverse s ix th  root  of 

Pd = Kp v as indicated i n  
c o c o  

K, it 
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r 'O l10 :7s  imed ia t e iy  tha t  the s ize  as well as the  shape of the magnetosphere 

i s  very insensi t ive t o  var ia t icns  or' the  i'ach nElber and r a t i o  of spec i f ic  

heat;s or' the  solar  wind gas. 

10. DISTORTION OF 93 IFEL?PLPXETARY FIELD 

As noted previously, the resu l t s  presented i n  the preceding section 

represent solutions or' equations (l), (2)  a i d  (4) with the terms contain- 

ing omitted because of t h e i r  smallness. Following t h i s  procedure, 

the calculation of the f l o w  f i e l d  about the  rnagnetosphere i s  decoupled 

from the  influence of  the magnetic f i e l d ,  a d  the calculation of the  defor- 

mation of the magnetic f i e l d  i s  deferred t o  a subsequent s tep  t h a t  depends 

on the  solution f o r  the llow f ie ld .  Once the l a t t e r  i s  determined and an  

or ientat ion f o r  the magnetic f i e l d  i n  the incident stream i s  specified, 

the calculation of the magnetic f i e l d  surrounding the magnetosphere can 

be achieved by integrat ion of the previously uixsed re la t iozs  of equa- 

t i o n  (l), naxely 

interprexed as indicating the magnetic f i e l d  l i nes  move with the  f lu id .  

This convenient interpretat ion leads t o  a straightforward, although t ed i -  

ous, calculation i n  which the vector distance from each point on an a rb i -  

t r a r i l y  selected f i e l d  l i n e  t o  i ts  corresponding point on an adjacent 

f i e l d  l i n e  i n  the downstream direction i s  determined by numerically in t e -  

grat ing Jx d t  over a fixed time in te rva l  6 t .  This procedure leads i n  

general t o  f i e l d  l i nes  tha t  a re  curved i n  space. 

. 

cur l  (g x a) = 0 and d iv  = 0 .  The la t te r  are commonly 

Simplicity may be achieved a t  the  expense of completeness by confin- 

iy.g a t tent ion t o  the ]?laiie containing the velocity m d  nagnetic f i e l d  

vectors i n  the incident strean. Since the magnezosphere has been approx- 

ina ted  by an axisyrmetric s h q e ,  it follows tha t  the resul t ing f i e l d  l i n e s  
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. _  . --. -~ - , 
-b-  s n i ~  case are a lso co?fb-eS ezl;irely to 5--2 szce p lme .  Results of 

two such calculations are  shown i i l  Fig. 21. 30th se t s  of  r e su l t s  are for 

a r'i-ee-strem b:ach nurTaer of  3 a-na a gas tii'ih 

changes ai-e anticipated i f  sornevhat dir'2ereizt values are selected since 

the velocity f i e l d  i s  only s l igh t ly  irJl;x-r,ced by variations of Mach num- 

5 e r  and specif ic  heat r a t i o .  

i s  inclined at  90 

^J = 5/3, but no qual i ta t ive  

The xagnetic f l e i d  i n  the incident stream 

0 t o  t he  direction of the velocity vector i n  the  l e f t  

portion of  Fig. 21, and 45 0 i n  the rlght portton. The corresponding 

r e su l t s  for 0' incl inat ion are  no t  presented, but can be visualized eas i ly  

becmse the  f i e l d  l i nes  for t h a t  case are aligned everywhere with the  

streamlines. 

These resu l t s  c lear ly  show how the magnetic f i e l d  l i nes  bend discon- 

tinuously es they pess through the bow wave at any angle except a r igh t  

angle, a?d then curve i n  a continuous nainer tixoughout the en t i re  region 

between the  bow wave and iiie ixgietosphere. 

the  shock wave is ,  noreover, always i n  the direct ion t h a t  preserves the  

sign of the tangent ia l  component of the f i e ld ,  as i s  required f o r  a l l  

physically relevant hydromagnetic shock waves. 

f i e l d  l i nes  i l l u s t r a t e d  i n  Fig. 2 1  are  a l l  draped around the  nose of the  

magnetosphere. This i s  character is t ic  of the r e su l t s  f o r  a l l  r e l a t ive  

or ientat ions,  except perfect aligrment, of the  magnetic f i e l d  and veloc- 

i t y  vectors for the  special  plane f o r  which these r e su l t s  are presented. 

Outside of t h i s  plane, however, the f i e l d  l i nes  d r i f t  around the  nose with 

the  flow and deform in to  three-dimensional or spa t i a l  curves. 

cc-nstraint imposed on the magnetic f i e l d  by the stagnation point at  the 

magzetosphere nose i s  Thus greatly reduced, ard the  f i e l d  l i nes  may be 

znt ic ipated t o  remain rmch s t ra ighter  than i l l u s t r a t e d  i n  Fig. 21. 

T'le discontinuous bend at  

It may be seen t h a t  the 

The strong 
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Fig .  1. 

Fit;. 2. 

EZ. 3.  

Fig.  4. 

Fig. 5. 

Fig. 6. 

Fiz. 7. 

Fig. 8. 

Fig. 9. 

Fig. 10. 

Fig.  11. 

of weak p l m e  waves. 

View 02 coordinate syete.;.:s. 

S p e d  or' sound a d  AK'v& :.rzves 5:: t!ie s o l a r  irind. 

Sketches skowing how a s p ~ < o t 5 c  d i x c t i o n s  o? shock waves, 

ro ta t ione l  d i scont imi t ies ,  ai6 vdce c m  be determined by use 

or" Friedrichs I o r  I1 diapams. 

for plane waves. 

8 point distur'oance. 

(a) Usiing Friedrichs I diagram 

(b)  Using Tricdrichs I1 diagram r'or waves from 

Streamlines a d  wave patterns f o r  supersonic flow past  the mag- 

netosphere; K, = 8, 7 = 2. 

Density contours for su2ersoxi.c flow pas t  the  magnetosphere; 

M, = a, = 2. 

Velocity and  7;emFerature contours Tor supersonic flow past the 

nagnetosphere; M, = 8, y = 2. 

Nass flux contours for supersonic flow past  the  magnetosphere; 
J 

xm = 8, 7 = 2. 

S-iremlines and wave patterns f o r  supersonic flow past  the  mag- 

netosphere; 14, = 8, 7 = 513. 

Density contours Tor  supersonic f l o w  past  the  magnetosphere; 

M, = 8, 7 = 513. 

Velocity m d  tenperatwe contours for supersonic flow past  the 

magnetosphere; M, = 8, 7 = 5/3. 



snhere b ~ - ~ ~ q d n r y  a-2~ -c;-ie dc;-cztrc.zr s i d e  of ti-.? 'uow shock wave 

f o r  various X., m.6 7 .  

Fig. 1.5. Variation of tenperatfire along t h e  nagfietosphere boundary and 

the  downstream slde of the ~ G I T  shock wave f o r  various 

Variatior of standorf d i s tmce  :.TT+:> density r a t i o  across bow 

shock wave on t'ne stag-ation s t reaxl ine.  

M, and y.  

~ i g .  16. 

25.5. 17. Focussed shadowgraph or' model r?.agyie-cos?here i n  f r e e  f l i g h t  at  

~ a c h  nm-ber 4.56 through argon (7  = 5/3). 

Conqarison of calcidlated m d  observed posit ions of bow wave of Fig. 18. 

a model magnetosphere i n  f r e e  f l i g h t  a t  Mach number 4.65 through 

argon ( 7  = 213). 

Xorral shadowg;ra?i.- 03 m d e l  zagfietosphere in f r e e  f l i g h t  at  Mach 

ri-ixGer 4.50 t h r ~ ~ g h  argon (7 = 5/3). 

I r I T \  

Ez. 19. 

Fig. 20. Comparison of pressure dis t r ibut ion along the magnetosphere bound- 

ary calculated by gasdyrzmic theory f o r  various Mm and y with 

that indicated by the  simple Kewtonian approxLmation 

Magnetic Tield i n  plane of Tree-stream veloci ty  and magnetic f i e l d  

p = pd cos2 +. 
Fig. 21. 

vectors f o r  supersonic ?low past  the  magnetosphere, M, = 8, y = 5/3. 










































